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In this paper. we study minimal models of finite covering spaces of PT branched along two 
nonsingilar curves with only normal crossings. We examine the structure of them and 
investigate some properties of surfaces of general type which are obtakcd from the above 
coverirg spaces. We show that every algebraic surface of general type has negative index if it is 
birational to a covering space of P- branched along two nonsingular curves with only normal 
crossings. 
Introduction 
Let S, and S, be nonsingular curves in the 2-dimensional complex projective 
space P’ with only normal crossings. We consider a (finite) covering tl/ : X- P’ 
which is branched along S, U S,. In our paper [ 121, we constructed a nonsingular 
model 2 of X by using the minimal resolu+ion of singularities of a 2-dimensional 
torus embedding and studied the Chern classes c, (r?) and ~(2) of i. In this 
paper, applying this result, we examine a minimal model of X (i.e., a nonsingular 
model of X which does not contain any except!cinal curve of the first kind). In 
particular, we describe the structure of it in ccl.mection with the degree of the 
branch locus. Moreover. we investigate so-e properties of surfaces of general 
type which are obtained by the procedure i;s above. Our result is the following: 
A minimal model x of X is ( 1) a ratiol;sl c:;rface if n I + n, 5 3, (2) either a 
rational surface, a KS surface or an elliptic suryace it rz , + 11~ = 3. (3) either a K3 
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surface or a surface of general type if n, + n, = 5, (4) either a K3 surface, an 
elliptic surface or a surface of general type if n 1 + n7 = 6, (5) a surface of genera! 
type if n 1 + n, 2 7, and if X is a surface of general taupe, then the index r(X) of X 
satisfies the inequality ~(2) c -n/4, where n, is t:le degree of S; and ;z is the 
degree of the covering +. 
1. Preliminaries 
Let $: X--, P’ be an n-sheeted covering which is branched along S, U Sz. AS 
we have already seen in [ 121, for each poiut p E S, n S,, taking a suitable local 
coordinate neighborhood U of p, there are a torus embedding T,. emb(A’) and a 
holomorphic map f : TN’ emb(A’)+ Cc’ such that the restriction map of $ to 
#-‘(U) can be identified with the restriction map of .f to f-‘(V), where 
V= ((2,. 2,) E C’ 11 Zip < Ei} is a small open subset of a 2-dimensional complex 
vector sp,ace C’. The above map f is constructed starting from the submcid& I”v” 
of N = Z- which is determined by JI and contains (n, , n2), and whose index in N is 
n, where Z is the ring of rational integers and ni is the degree of Si. 
In this paper, first noting that N’ can be written uniquely in the form 
N’ = Z(a, bk) + H(0, bc) , 
where a, b, c are positive integers and k is a nonnegative integer such that (i) k 
and c are relatively prime, (ii) 0 5 k < c and (iii) abc = n. we begin to describe 
T,v. emb(A’) in term of the numbers a, b, c and k. By scalar extension to the field 
R of real numbers, we have 2-dimensional vector spaces NR and Nk. We put 
e, = (lo), e, = (0, l), e’, = (a, bk), e> = (0, bc) and take (e’,, el} (resp. (e,, e,}) 
as basis of A$ (resp. NW). Let (T be the cone in NW defined to be 
where IF&, - is the set of nonnegative real numbers. We put 
where i, : N k 9 N, is the linear map induced by the natural inclusion i : N’+ N. 
We identify Nk (resp. NR) with CR’ associating each element of Nk (resp. Nu) with 
its -dordinate vector in (w” with respect to the basis {e’, e\} (resp. {e,, e,}). Then 
we have 
where p, = (0,l) and p2 = c .,c, -k). Let A’ (resp. A) be the fan in Nk (resp. NR) 
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consisting of fac.es of CT’ (tesp. u). Since the natural inclusion i induces a 
map of fans /z : (N’, A’)+ (N. A), we have a holomorphic map 
f: TN1 emb(A’) + TN emb(A), where TN. emb(A’) (resp. TiYemb(A)) is a torus 
embedding associated to the fan (N’, A’) (resp. (N, A)). Here T,,, emb(A) can be 
regarded as a=‘. In this way, we have the map f: T,,,’ emb(A’)+ @’ Therefore, X 
is nonsingular if and only if CT’ is a nonsingular cone which is equivalent to k = 0. 
If not so, then +-l(U) has a singularity whicl> is eguivsient to T,V. emb(A’) having 
a singularity. Thus it is equivalent to k > 0. Then its desingularization is obtaine 
by the minLma1 resolution of a singularity of TN, emb(A’) (see, e.g., [6.9]). We 
denote by X the nonsingular model of X obtained by the procedure as above and 
let cp : & P’ be the composition map of +he above desingularization and +. 
Now we can easily prove the following lemma: 
Lemma PJ, The condition that N’ contains (n ; ? n2) is equivalent to n , anti pi, 
satisfying the following three conditions : 
(0 4b 
(ii) bin,, 
(iii) nl(an, - bn,). Cl 
Next we examine the Chern classes c,(X) and c?(X) of the nonsingular model 
X of x. 
(I) We consider the case in which k>& Then ~22. Let pI, uI,. . . ,u,, p2 in 
this order be the points of N’ lying on the compact edges of the boundary polygon 
of the convex hull in Nk of (;r’ n N’ - {(O,O)}. Let (N’, A) be the subdivision of 
(N’, A’) obtained as the set of faces of {IF&p, + R,,u,, IF&,u, + U&Z++~ 
(i=l,...,s- I), RzouS + R&p,}. Then the torus embedding TN1 emb(A )asso- 
ciated to the fan (N’, A) gives the minimal resolution of a singularity of 
Th” emb(N’, A’). We denote by pi the proper transform of Si by cp. We may 
assume that in q-‘(U) (resp. U), pi (resp. Si) is the closure of TN.-orbit 
orb( Iw,,p,) in TN’ emb(d”) (resp. TN-orbit orb(lRzOei) in TN emb(A)). Let Ai be 
the closure of T,,-orbit orb(R,,ui) in T,,,, emb(A). Then q-‘(p) is the Hirze- 
bruch-Jung string (see [l]) A = U f A i of nonsingular rational curves A i with 
A; = -bi, where b,,..., b, are positive integers with bi 2 2 and satisfy the 
expansion as a continued fraction 
From this, the proof of the following theorem is obvious: 
Theorem 1.2. Let $ : X * P’ be a covering which is branched along S, U S,. Then 
either X is nonsingular or X has only singularities of the same type A c_k. 0 
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Moreover, rt is easy to see that s”, (resp. &) intersects A, (resp. A, ) transversal- 
ly in one point, without meeting any of the other curves A i. Define nonnegative 
integers hi and pi inductively by the following relations 
and 
respectively, where i = i, . . . , s. Set moreover 
1 
ai=pi and pi=, (Ai-kPi). 
Then p,. 14; and pZ can be represented in the forms 
Uj=(aj, Bj) (i= 1,. . . ,S) ‘) 
Wt define k’ to be the integer determined uniquely by the relations 0 < k’ < c and 
c. .L’ = 1 (mod c). Then we have 
l ; = ‘S - lb,_, (14 
p”s = k’ and ~u,+r = c. 
In this notation, the formulas of the Chern classes c,(z) and c,(z) in [12] can 
be rewritten in the forms 
c,(g) = (p*c,(P') - (ac - l)$ - (bc - l)$ 
- 1 (C (api + bh; - l)Aip) 7 
P i 
(l-3) 
G(%) = 3n + 2(n - b)( g(S,) - 1) 
+ 2(n - a)(g(S,) - 1) + (n - a - b + s + 1)S,S2, (1.4) 
where g(S,) is the genus of Si, S,S, is the intersection number of S, and S,, U “ip 
is the Hirzebruch-Jung string lying over p E S, f7 S 2 and we write c, in place of 
c [1ES,US~’ Moreover, we have 
‘p”S, - bc~~ + C C bhiA;p . (1.5) 
P i 
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(II) In the cnse ::1 which k = 0. we may assume that 
formulas in [ 121 e&n be rewritten in the following forms: 
c,(X) = +*c,(PZ) - (a - i)s”, - (bc - l)j;, , 
c:(X) = {2(a + bc) - fz} + 2(n - bc)g(S,) 
95 
nr2 and bcr3. The 
+ 2(n - a)g(S,) + (n + 1 - a - bc)S,S, - 
+*s, = as”, , t,!i*S, = bc$ , 
(1.6) 
where Sj is the proper transform of Si by $. 
2. Chern numbers and indices 
From now on we sha!! employ the same notation as in Sxtion 1. First we 
calculate the Chern number c:(k). 
Lemma 2.1. 
(iii) s”,$=O, 
where .?,’ (resp. Sf) is the self-irztersection number of .!$ (resp. S;) and ,f,& is the 
intersection number of s”, and $. 
Proof. We shall prove (i). Since (‘p*S,)‘= rzSf. using (1.5), we get 
nSf = (acS, + c, xi a~;A;,)‘. On the other hand, from the equation 
‘p*S,(x ap;A,) = 0, we verify that (c apiAi,)’ = -a’ck’. From these results 
formula (i) follows. The proof of (ii) is quite similar. (iii) is obvious because 
S, i-l Sz = 0. q 
Proposition 2.2. We have 
2(n-a-b+l)- 
k+ k’ 
- - c (b; - 2) c S,S, . (2.1) 
Proof, Since c,(P’) = 3H, where H is a hyperplane in P’. using (1.5). it is easy to 
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see that S,cp*c,(P’) = 3bS,H. Similarly we have &‘2(p*c,(P’) = 3aS,H. From 
(I .3), using Lemma 2.1, we obtain the following equations: 
~*c,(P2)c,(~) = 9n - 3b(ac - l)n, - 3a(b * - l)n, , 
&cl(~) = 3bn, - (ac - b k’ jg n: - ,v2 - (ak’ -+ b - l)n,n, , 
72 2) . 
&(z) = 3an2 - UJ u( 
k 
c - d n: - ; n,n2 - (a + bk - I)n,n, 
(2.3) 
where n,. is the degree of Si. Moreover, by the adjunction formula, we verify that 
1 C (ULLi + bAi - i)Ai~j c,(X) 
= x Cbi- I 2! + a(k’ + 1 - c) t e;k + 1 - c) . 
Therefore, using the formula for the genus of Si, we can prove (2.1) by a simple 
calculation. q 
In the case (II), X is nonsingular. Using the formulas (1.6) we can easily prove 
the following: 
Lemma 2.3. 
0 i S* 
-2 bc s2 =- 
a 1 ’ 
( > ii 5; = ;S;Y 
. . . 
( ) 111 s”,s”, =s,s,. q 
Proposition 2.4. We have 
c:(X) = 4(a + bc) + n + 4(n - bc)g(S,) + 4(n - a)g(S2) 
+(%-n)Sf+(E-n)S: 
+ 2(n - a - be + 1).&S, . Cl 
Now we can examine the index 7(X) of the nonsingular model X of X. 
Theorem 2.5. (1) The equality ~(2) = 0 holds if and only if n, + n, = 2. 
(2) If "1 + 4 2 3, then the inequality @) + 1 c -n I4 holds, where ni is the 
degree of Si. 
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Yroo$ By the index theorem of Thorn-I-Iirzebruch, we have ~(2) = f (c;(g) -
2rJX)). Using (I .4) and (2.1), we obtain 
(24 
Since c bi + (k + k’) /C 2 2, we see that 
By Lemma 1.1, we may assume that n 1 = aa! and n, = b& where cu and p are 
positive integers. Then, since 
a’ 
1 
-TLj and b’ 
I -sz” 
4 7 
C C 
it is easy to check that r(X) + $ cup < - $ n( c?_ + /3’ - 4). From this, we see that if 
a + /3 > 2, then we obtain the inequality r(X) + 1 < -n/4. 
Let (a, p) = (1,l). In this case we have n, = a and n, z- b. By Lemma 1.1, lve 
have k = 1. Therefore we get s = 1, k’ = 1 and b, = c. Then, using (2.9, we 
obtain 
r(X) = t (2 - a’ - b2) . 
Combining this with the above result, Theorem 2.5 follows. Cl 
Moreover, * _ have the following theorem: 
Theorem 2.6. If X is nonsingular, then the inequality T(X) 5 -n holds. where 
T(X) is the irddex of X. 
Proof. Using (1.6) and Proposition 2.4, we have 
(2.2; 
Since we may assume that n, = aa =Iqd n, = bcfi. where Q and /3 are positive 
integers, we obtain 
T(X) = n{l - {((a’- l)~y’ + ((br)‘- I)@)}. 
Since a 2 2 and bc 2 2, Theorem 2.6 follows from this equality. Cl 
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3. Minimal models 
We examine the minimality of X (or X if X is nonsinguiar-1. First we consider 
the case in which X has a singularity. We put 
h, = (iI& + bhi - l)(H 1 + n, - 3) - 3 
for i=O, l,... , s + 1. Then, using ( 1.3), we verify that 
where I? is the canonical divisor of 2. 
(3.1) 
Lemma 3.1. (i) The equality 5; = - 1 holds if and only if the conditions 
( n,, n2j = (1, (1 + n)lk’) and a = b = 1 are satisfied. 
(ii) The equality s”i = - 1 holds tf and only if the conditions (n, , n,) =I ((1-1 n) I 
k, 1) and a = b = 1 are satisfied. 
Proof. We shall prove (i). By Lemma 2.1, we see that s”i = - 1 is rewritten in the 
form n ,(bn, - ak’n,) = -ac. Noting that the equalities cy,+, P, - a, P,+ 1 = 1, 
cu,+ I =c, e,+,= -k and a), = k’ hold, we can verify that (iii) of Lemma 1.1 is 
equivalent to the condition nl(bn, - ak’n,). Since n = abc, from this condition 
and (i) and (ii) of Lemma 1.1, we have (i). 
(ii) follows immediately from (i), (ii) and (iii) of Lemma 1.1. Cl 
Lemma 3.2. We have 
(0 g(i,) = b(g(S,) - 1) + ;(b - 1)&S, + I 
( ) ii g(K) = a(&&) - 1) + $(a -- l)S,S, + 1 , 
where I is the genus of pi (which is 2 nonsingular curve). 
Proof. Using the adjunction formula, (i) (resp. (ii)) follows from Lemma 2.1 and 
(2.2) (resp. (2.3)). Cl 
By Lemma 3.1 and Lemma 3.2, if the equality if = - 1 holds, then we have 
g($) = 0. Therefore, ‘ m S; is a (-1)-curve’ (i.e., an exceptional curve of the first 
kind) is equivalent to that the equality $ = - 1 holds. Since api + bh; 2 2, if 
n, + n, 2 6, then hi 2 0. Therefore, by (3.1) we see that if tl, + IZ,~ 6, then 
(n, + I&? is an effective divisor. Consequently, if n, + n, 2 6 and boih s”f + - 1 
and ss # - 1 are satisfied, then X is minimal. 
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Proposition 3.3. Let n 1 + n, 2 S and assume that (n, + II~)/? is an effective divisor 
and both 5, and $ are not (- I)-curves. Then ci(.?) = 0 if and only if either one of 
the following conditions is satisfied: 
(i) (n,. n2) = (3,3) and a = b = k = k’ = 1. 
(ii) n, + n, = &a=b=k=k’=l andc=2. 
Proof. Let c;(z) = 0. First we suppose that h,, > 0 and _h,,+ 1 > 0. Then, by 
Kodaira [7, p. 7911, we have %,. = 0. Moreover, we have S; = 0 or -2. Using 
Lemma 3.2, we can verify that the case in which s”f = 5; = -2 does not occur. 
Since s”, (resp. $) intersects A,, (resp. .A Ip) transversely in one point, without 
meeting any of other curves A,, by (3.1) if the relations k,$ = s”f = 0 (resp. 
i$ = s”i = 0) hold, then we have 1~~~ = 0 (resp. h, = 0). The condition h, = 0 or 
h,=O is possible only if n,+n,=6 and a=b=k=k’=l. In this case, by 
Lemma 2.1, we see that (n, , nl) = (3,3) 1 Hence if either if = 0 or $ = 0 holds, 
then we have (i). We suppose that h,, = 0. Then we have (bc - 1) (n, + n, - 3) = 
3. This is possible only if b = 1, c = 2 and n, + M, = 6. Therefore we have 
k = k’= 1 and, by (34, we have 
6l? = 3(a - 1) (2$ + c A In) . 
P 
Here we suppose that a > i. Then, since Af, = -2, the equality K’ = 0 implies 
that n,n3 + 25: = 0. While, by Lemma 2. I, we have 
1 
2$ = - (n,>’ - n,n,. 
a 
This contradicts the assumption n 1 > 0. Hence a = 1. Consequently we have (ii). 
In the case in which h,, 1 = 0, by the same argument as above, we have (ii). 
Conversely we suppose that n , + n, = 6 and a = b = k = k’ = 1. Then. by (3.1) 
we have 
6i? = 3(c - 2)(s”, + &) . 
If (n,, n2) = (3,3), then, by Lemma 2.1, we have s”i = s”i = 0. If c = 2, then 
6i = 0. Hence we obtain c;(X) = 0. q 
Proposition 3.4. Let n, + n1 2 5 and assume that either & or s”, is a (- 1 )-curve. 
Let rr : k+ x be a blowing down of the (- 1 )-curve ?, . Then x ts minimal and we 
have kod(X) 20, where kod(X) is the Kodaira dimension of x. Moreover. 
c;(X) = 0 if and only if the equalities n , + 11 .! = 5, a = b = k = k’ = 1 and c = 3 are 
satisfied (in this case X is a K3 surface). 
roof. By Lemma 2.1, we may assume that a = b = 1 and (n,, n,) = (1, (1 + 11) /
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k’) or ((1+ n)lk, 1). Let (n,, n2)= (1, (1+ n)lk’). If k’= 1, then we have 
k=s=land6,=c=n=nz- 1. Therefore, using (1.3) and (1.5), we can verify 
that 
c(k - s”,) = c(c - 3)$ . 
If k’r2. then, since c = k’n, - 1, we have k = n, and the expansion as a 
1 -- ;=k’ k. 
Similarly w .C can verify that 
Let K be the canonical divisor of X. Then Z? = ‘rr *( Z?) + s”, . Again by Lemma 2.1, 
we see that if k’ = 1 (resp. k’ 2 2), then $ = n + 1 (resp. 0). In case k’_= l,_since 
s”, n & = 0, the image of gz is not a (-1)-curve. In case k’ 2 2, since S, n S, = 8 
and sin A,, = 0, the images of $ and .A,, are not (-1)-curves. Therefore, in 
view of (3.2) and (3.3) we can ;-erify that if n, + n7 - > 5, then X is minimal and 
kod(X) ~0. Again using (3.2) and (3.3), it is easy to see that if k’ = 1, then 
c:(X) = nz(nz - 4)” (3.4) 
and if k’ 2 2, then, since $A ,p = I and /!fp = -k’, we have 
cf(X) = (n2 - 3)(k’(n 2 - 1) - 4) . (3.5) 
Hence it follows from (3,4) and (3.5) that the equality c;(X) = 0 occurs only 
when k’ = 1 and n7 = 4. Hence c:(X) = 0 if and only if the equalities -YI, + n;= 5, 
a = 6 = k = k’ = 1 and c = 3 are satisfied. By Kawai [5], the irregularity q(X) of 
our surface X is vanished. Therefore, with the aid of (1.4), we see that in this case 
X is a K3 surface. In the case in which (n,, n2) = (( 1 + n)lk, l), the proof is quite 
similar. Hence the proof of Proposition 3.4 is complete. Cl 
Next we consider the case in which X is nonsingular. We have the following 
proposition: 
roposition 3.5. Let n, -I- n, 2 6. If X is nonsingular, then X is minimal and 
kod(X) Z- 0. t&ere kod(X) is the Kodaira dimension of X. Moreover, c:(X) = 0 if 
and only if tf J equalities n, -+ n ? = 6 and a = bc = 2 are satisfied (in this tax X is a 
K3 surfcr~e) 
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Proof. Using ( 1.6) we obtain 
([I, + n,)K = {(a - I)@, + n: -‘3) -31$ 
+ {(be - 1 ?)(n, + n, - 3) - 3}$ q (3.6) 
where K is the canonical divisor of X. Since a ~2 and be 2 2, with the aid of 
Lemma 2.3 we can verify that X is minimal and kod(X) 2 0. Again using Lemma 
2.3, it is easy to check that cfiX) = 0 if and only if the equalities n, c n, = 6 and 
a = bc = 2. In this case, using (1.6) we see that X is a K3 surface. q 
Now we shall prove the following theorem: 
Theorem 3.6. Every algebraic surface yvhich occurs as a minimai model of X is 
(1) either a K3 surface, an eliipti: surface or a surface of general type if 
n, f n, = 6 and 
(2) a surface of general type if n , + n ? 2 7. 
Proof. If X is nonsingular, then the assertion follows from Proposition 3.5. When 
X has a singularity we consider the nonsingular model X of X. Since the 
irregularity q(X) of X is vanished, using (1.4) we can easily verify that if (i) of 
Proposition 3.3 is satisfied, then, according as c = 2 or c > 2, X is a K3 surface or 
an elliptic surface, respectively. And if (ii) of Proposition 3.3 is satisfied, then X is 
a K3 surface. Therefore, in the case in which X is minimal, the assertion follows 
from Proposition 3.3. Qtherwise, the assertion follows from Propositisn 3.4. g 
4. Some properties of surfaces of general type 
First we shall prove the following theorem: 
Theorem 4.L Every algebraic surface which occurs as a minimal rxodel of X is 
( 1) a rotioml surface if n , + n, 5 3, 
(2) either a ratioual surface, a M3 surface or an elliptic surface if n, + II? = 4 
and 
(3) either 61 K3 surface or a surface of general type if 11, + tl 2 = 5 
Proof. To prove (3) first we suppose that P > 0 and both s, and $ are not 
(-- 1 )-curves. Let (n, , n,) = (3,3). By Lemma 1.1, we have the relations ao = 2 
and b@ = 3, where ey and p are positive integers such that cl(/3 - SLY). Noting that 
1 (: k <: c, the following five cases occur: 
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(0 a = 1, b = 1, c = 2k - 3 (k 2 4), 
(ii) a = 1, b=3, c=2k- 1 (kr2), 
(iii) a = 2, b=l. c=2, k=l, 
(iv) a = 2, b = 1, c 2 4, k = 3, 
(v) a = 2, b = 3, c 2 2, k = 1. 
In case (i j, we have 
Since c and k are relatively prime. according as k = 3m - 1 or k = 3m - 2, we 
have the expansion as a continued fraction 
1 1 +m._3 rlrl 
or 
;=2-$-&$ 
respectively. In the case k = 3m - 1 (resp. 3m - 2) by (1.2), we have k’ = 2m - 1 
and c = 5m - 6 (resp. k’ = 4m - 4 and c = 6m - 7). Then, using (3.1) we infer 
that 5k is an effective divisor. Therefore it follows from Proposition 3.3 that 2 is 
a minimal surface of general type. In case (ii), by the same argument as in case 
(i), we verify that 2 is a minimal surface of gencr:;l type. In case (iii), we have 
n =4. Since s= 1 and b, =2, by (3.1) and (1.5), we obtain 
$3, =4s”, +x2A,, and q*S1=2$+zA,,, . 
P P 
From this, it is easy to see that 202 = 0. Moreover, using (1.4). we have 
cz<z) = 24. Hence we see that 2 is a K3 surface. In case (iv), according as 
c=3m-1 orc=3m-2, we have 
c 1 c -_=m-- or 
k 3 
-==n- 
k 
respectively. From this we can verify that 2 is always a minimal surface of general 
type. In case (v), using (3.1) we easily verify that 2 is a minimal surface of 
general type. Applying a similar consideration as above to the cases (n,, n,) = 
(3,2), (1,4) and (4, l), we can prove that 2 is either a K3 surface or a minimal 
surface of general type Next we suppose that k > 0 and either s”, or $ is a 
(- 1 )-curve. By Proposition 3.4, we see that a minimal model of X is either a K3 
surface or a surface of general type. We suppose that k = 0. If (n,, n2) = (2,3) 
(resp. (3,2)), then, since a 2 2 and bc 2 2, we have (a, tic) = (2.3) (I-esp. (3.2)). 
krsing (1.6) and (3.6) it is easily checked that X is a K3 surface. 
We shall prove (2). Let (lz,, I;?) = (2.2). If k > 0, then, since (Q. 6) = ( 1. 1). 
( 1,2), (2, 1) or (2,2), we have the following five cases: 
(i) a = 6=l,k=k’= 1, c = ii; (m ?2), 
( ) ii a=6=1,k=k’=2m-1,c=4m-4(m~2), . . . 
( ) III a=l, 6=2, k=m, k’=2, c=2m-1 (rnr2). 
( ) iv a=2, 6= 1, k=2, k’=m, c=2m- 1 (m~2). 
(v) a = 6 = 2, k = k’ = 1, c = nj (m 2 2). 
In case (i), it is easy to check that 5, is a nonsingular rational curve with $ = 0. 
In the other cases, using Proposition 2.2, we have /?’ = 0. Moreover, with the aid 
of (1.4) (1.5) and (3. l), we can verify that X is either a K3 surface or a minimal 
elliptic surface. If k = 0, then we have a = 6c = 2. Hence, by (3.6) we see that X 
is a rational surface. Applying a similar consideration as above to the cases 
( n 1 7 n,) = (1,3) and (3, 1) and using (3.5). it is easy to prove that in these cases. 
a minimal model of X is either a rational surface. a K3 surface or an elliptic 
surface. 
The proof of (1) is obvious from (3.1). Cl 
By Theorem 4.1, we see that surfaces of general type occur only when 
n, + n, 2 5 as nonsingular models of covering spaces of P’ branched along 
S, U S,. Now we shall examint some properties of them. 
Theorem ~2. Let t,b :X + P.’ be ~l‘i; n-s!seeted covering which is branched along 
S, U S,. If a minimal model 2 of X is a surface of general type, then the inequality 
T(X) < - n/4 holds. in particti!ar. every algebraic surface of general type has 
negative index if it is birational to a covet-kg space X of P’ branched along S, i J S,. 
Proof. If X = X, then, by Theorem 2.6, we have 7(X) -; -n. If the nonsinguiar 
model X of X is minimal, then by Theorem 2.5, T(X) < - (n/4) .- 1. We suppose 
that X contains a (-1)-curve. Then, by (3.1), the (-I)-curve is either $, or’ $. 
Moreover, by Theorem 4.1, we may suppose that n, + rzl 25. Therefore. by 
Proposition 3.4, the minimal model X of X is obtained from X by the one and 
tinly blowing down. Since c;(X) = c$?) + 1 and c,(X) = c,CX) - 1, using the 
index theorem of Thorn-Hirzebruch, it follows from the above inequalities that 
the inequality T(X) < - n/4 holds for any minimal model X of X. From this: we 
see that every surface which is obtained from X by a finite number of blowing ups 
has negative index. Thus we can prove Theorem 4.2. Cl 
Remark 4.3. From (2.4) and (2.5) we easily see that the ineqcrality 
@)s(n+l)- 
(S, + s$ 
3 - 
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holds for any minimal surface x of general type which is obtained by an rz-sheeted 
covering of P’ branched along S, U S2. 
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